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Toy example: 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Motivations

Main problem: the SIS∞ problem
Cryptographic motivation

Full generalization: the 𝑨𝑨-SIS problem
Quantum motivation

Algorithm overview



A toy SIS∞ problem

Given vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, efficiently find a nonempty subset of them that 
sums to zero
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Why 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Natural problem with many perspectives
Complexity theory: subset-sum and LIN-SAT
Discrepancy theory: vector balancing over 𝐅𝐅𝟑𝟑
Coding theory: ternary syndrome decoding with maximal weight
Cryptography: Learning-With-Error with binary error over 𝐅𝐅𝟑𝟑

Security of post-quantum signature scheme
Wave (Debris-Alazard, Sendrier, Tillich’19)
CRYSTALS-Dilithium (Ducas, Kiltz, Lepoint, Lyubashevsky, Schwabe, Seiler, Stehle’18)

Quantum advantage
Warmup for the real SIS∞ problem
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The SIS∞ problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝒉𝒉 ≥ 𝟏𝟏     where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ≤ 𝒉𝒉 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑
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Short-Integer-Solution
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Example. 
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• 𝒉𝒉 ≥ ⌊𝒑𝒑/𝟐𝟐⌋: trivial
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𝑽𝑽 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏×𝒎𝒎 defines a linear hash 𝒙𝒙 ∈ 𝟎𝟎,𝟏𝟏 𝒎𝒎  →  𝑽𝑽𝑽𝑽 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏
𝑽𝑽𝑽𝑽 = 𝑽𝑽𝑽𝑽𝑽   iff   𝑽𝑽 𝒙𝒙 − 𝒙𝒙′ = 𝟎𝟎   iff   𝑽𝑽𝑽𝑽 = 𝟎𝟎
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Remark.
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Cryptography motivation. 
• Our focus: 𝒎𝒎 ≫ 𝒏𝒏, many solutions exist, find one
• Learning-With-Error setting: 𝒎𝒎 = 𝒏𝒏 + 𝒏𝒏𝟏𝟏/𝑪𝑪, a (unique) solution planted, find it

• CRYSTALS-Dilithium signature scheme: in its module variant 
Assume 𝒏𝒏 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏, 𝒎𝒎 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐, 𝒑𝒑 ≈ 𝟐𝟐𝟐𝟐𝟐𝟐, 𝒉𝒉 ≈ 𝒑𝒑/𝟖𝟖, random {𝒗𝒗𝒊𝒊} is hard
In general, assume 𝒎𝒎 ≈ 𝟏𝟏.𝟗𝟗𝟗𝟗, 𝒑𝒑 ≫ 𝒏𝒏, 𝒉𝒉 ≈ 𝒑𝒑/𝟖𝟖, random {𝒗𝒗𝒊𝒊} is hard
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Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏
Theorem (New). 
Under the same 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏 condition
Classical polytime algorithm only needs

𝒎𝒎 ≫ 𝐥𝐥𝐥𝐥𝐥𝐥 𝒑𝒑 ⋅ �
𝒏𝒏𝟐𝟐 if 𝒑𝒑 > 𝟒𝟒𝒌𝒌−𝟏𝟏

𝒏𝒏𝒌𝒌−𝟏𝟏 if 𝒑𝒑 ≥ 𝟕𝟕 and 𝒌𝒌 ≥ 𝟑𝟑
𝒏𝒏𝒌𝒌 in general for all 𝒑𝒑 ≥ 𝟑𝟑 and 𝒌𝒌 ≥ 𝟐𝟐

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏
Theorem (New). 
Under the same 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏 condition
Classical polytime algorithm only needs

𝒎𝒎 ≫ 𝐥𝐥𝐥𝐥𝐥𝐥 𝒑𝒑 ⋅ �
𝒏𝒏𝟐𝟐 if 𝒑𝒑 > 𝟒𝟒𝒌𝒌−𝟏𝟏

𝒏𝒏𝒌𝒌−𝟏𝟏 if 𝒑𝒑 ≥ 𝟕𝟕 and 𝒌𝒌 ≥ 𝟑𝟑
𝒏𝒏𝒌𝒌 in general for all 𝒑𝒑 ≥ 𝟑𝟑 and 𝒌𝒌 ≥ 𝟐𝟐

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏
Theorem (New). 
Under the same 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏 condition
Classical polytime algorithm only needs

𝒎𝒎 ≫ 𝐥𝐥𝐥𝐥𝐥𝐥 𝒑𝒑 ⋅ �
𝒏𝒏𝟐𝟐 if 𝒑𝒑 > 𝟒𝟒𝒌𝒌−𝟏𝟏

𝒏𝒏𝒌𝒌−𝟏𝟏 if 𝒑𝒑 ≥ 𝟕𝟕 and 𝒌𝒌 ≥ 𝟑𝟑
𝒏𝒏𝒌𝒌 in general for all 𝒑𝒑 ≥ 𝟑𝟑 and 𝒌𝒌 ≥ 𝟐𝟐

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏
Theorem (New). 
Under the same 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏 condition
Classical polytime algorithm only needs

𝒎𝒎 ≫ 𝐥𝐥𝐥𝐥𝐥𝐥 𝒑𝒑 ⋅ �
𝒏𝒏𝟐𝟐 if 𝒑𝒑 > 𝟒𝟒𝒌𝒌−𝟏𝟏

𝒏𝒏𝒌𝒌−𝟏𝟏 if 𝒑𝒑 ≥ 𝟕𝟕 and 𝒌𝒌 ≥ 𝟑𝟑
𝒏𝒏𝒌𝒌 in general for all 𝒑𝒑 ≥ 𝟑𝟑 and 𝒌𝒌 ≥ 𝟐𝟐

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑



General allowed set (𝑨𝑨-SIS)

Theorem (Chen-Liu-Zhandry’21). 
Assume 𝟐𝟐 ≤ 𝒌𝒌 ≤ 𝒑𝒑 − 𝟏𝟏 is a constant and

𝒎𝒎 ≫ 𝒑𝒑𝟒𝟒𝒏𝒏𝒌𝒌
Quantum polytime algorithm for 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏
Theorem (New). 
Under the same 𝑨𝑨 ≥ 𝒑𝒑 − 𝒌𝒌 + 𝟏𝟏 condition
Classical polytime algorithm only needs

𝒎𝒎 ≫ 𝐥𝐥𝐥𝐥𝐥𝐥 𝒑𝒑 ⋅ �
𝒏𝒏𝟐𝟐 if 𝒑𝒑 > 𝟒𝟒𝒌𝒌−𝟏𝟏

𝒏𝒏𝒌𝒌−𝟏𝟏 if 𝒑𝒑 ≥ 𝟕𝟕 and 𝒌𝒌 ≥ 𝟑𝟑
𝒏𝒏𝒌𝒌 in general for all 𝒑𝒑 ≥ 𝟑𝟑 and 𝒌𝒌 ≥ 𝟐𝟐

𝒌𝒌 = 𝟏𝟏: every coeff is allowed
𝒌𝒌 = 𝒑𝒑: only one coeff is allowed

Input: random 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑

A full dequantization!
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A full dequantization!
Why is this dequantization interesting?
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Captured by 𝑨𝑨-SIS



Regev-reduction quantum alg via 𝑨𝑨-SIS
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑        where 𝒑𝒑 is a prime

Output: 𝒄𝒄𝟏𝟏, … , 𝒄𝒄𝒎𝒎 such that each 𝒄𝒄𝒊𝒊 ∈ 𝑨𝑨 and ∑𝒄𝒄𝒊𝒊𝒗𝒗𝒊𝒊 ≡ 𝟎𝟎 𝐦𝐦𝐦𝐦𝐦𝐦 𝒑𝒑

Chen-Liu-Zhandry’21 Yamakawa-Zhandry’22 DQI’24, Chailloux-Tillich’24
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DQI’24, Chailloux-Tillich’24

𝒗𝒗𝒊𝒊  folded RS code
𝑨𝑨 random
𝒑𝒑 = 𝐞𝐞𝐞𝐞𝐞𝐞(𝒏𝒏 𝐥𝐥𝐥𝐥𝐥𝐥 𝒏𝒏) 
𝑨𝑨 = 𝒑𝒑/𝟐𝟐 
𝒎𝒎 ≈ 𝟔𝟔𝟔𝟔 

𝒗𝒗𝒊𝒊  RS code
𝑨𝑨 random
𝒑𝒑 = 𝟒𝟒𝒏𝒏 
𝑨𝑨 = 𝒑𝒑/𝟐𝟐 
𝒎𝒎 = 𝟒𝟒𝟒𝟒 



Outline

Toy example: 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Motivations

Main problem: the SIS∞ problem
Cryptographic motivation

Full generalization: the 𝑨𝑨-SIS problem
Quantum motivation

Algorithm overview



Algorithm overview

𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Reducible vector

The SIS∞ problem
Weight reduction

The 𝑨𝑨-SIS problem
General reduction



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒏𝒏𝟐𝟐  →  𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏)

Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors

𝒗𝒗𝟏𝟏
(𝟐𝟐), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟐𝟐) 𝒗𝒗𝟏𝟏
(𝒏𝒏+𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝒏𝒏+𝟏𝟏)⋯⋯



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute linear dependence in each batch



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏)

Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute linear dependence in each batch

∑𝒊𝒊𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊
(𝟏𝟏) = 𝟎𝟎         where   𝜶𝜶𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,−𝟏𝟏  not all-𝟎𝟎

Define 𝒖𝒖(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊
(𝟏𝟏)    and      𝒘𝒘(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

𝟏𝟏

Then 𝒖𝒖 𝟏𝟏 = 𝒘𝒘(𝟏𝟏) are disjoint subset-sum in this batch



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏)

Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute linear dependence in each batch

∑𝒊𝒊𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊
(𝟏𝟏) = 𝟎𝟎         where   𝜶𝜶𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,−𝟏𝟏  not all-𝟎𝟎

Define 𝒖𝒖(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊
(𝟏𝟏)    and      𝒘𝒘(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

𝟏𝟏

Then 𝒖𝒖 𝟏𝟏 = 𝒘𝒘(𝟏𝟏) are disjoint subset-sum in this batch



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏)

Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute linear dependence in each batch

∑𝒊𝒊𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊
(𝟏𝟏) = 𝟎𝟎         where   𝜶𝜶𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,−𝟏𝟏  not all-𝟎𝟎

Define 𝒖𝒖(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊
(𝟏𝟏)    and      𝒘𝒘(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

𝟏𝟏

Then 𝒖𝒖 𝟏𝟏 = 𝒘𝒘(𝟏𝟏) are disjoint subset-sum in this batch



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏)

Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums that are equal in each batch

∑𝒊𝒊𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊
(𝟏𝟏) = 𝟎𝟎         where   𝜶𝜶𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,−𝟏𝟏  not all-𝟎𝟎

Define 𝒖𝒖(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊
(𝟏𝟏)    and      𝒘𝒘(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

𝟏𝟏

Then 𝒖𝒖 𝟏𝟏 = 𝒘𝒘(𝟏𝟏) are disjoint subset-sum in this batch



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏)

Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums that are equal in each batch

∑𝒊𝒊𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊
(𝟏𝟏) = 𝟎𝟎         where   𝜶𝜶𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,−𝟏𝟏  not all-𝟎𝟎

Define 𝒖𝒖(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊
(𝟏𝟏)    and      𝒘𝒘(𝟏𝟏) = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

𝟏𝟏

Then 𝒖𝒖 𝟏𝟏 = 𝒘𝒘(𝟏𝟏) are disjoint subset-sum in this batch

If 𝒖𝒖(𝟏𝟏) = 𝒘𝒘(𝟏𝟏) = 𝟎𝟎, we are done



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums that are equal in each batch

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟏𝟏) 𝒗𝒗𝟏𝟏
(𝟐𝟐), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝟐𝟐) 𝒗𝒗𝟏𝟏
(𝒏𝒏+𝟏𝟏), … ,𝒗𝒗𝒏𝒏+𝟏𝟏

(𝒏𝒏+𝟏𝟏)⋯⋯

𝒖𝒖 𝟏𝟏 = 𝒘𝒘(𝟏𝟏) 𝒖𝒖 𝟐𝟐 = 𝒘𝒘(𝟐𝟐) 𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝒘𝒘(𝒏𝒏+𝟏𝟏) ⋯⋯



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

Compute linear dependence of the subset-sums



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + 𝜷𝜷𝟐𝟐𝒖𝒖(𝟐𝟐) + ⋯+ 𝜷𝜷𝒏𝒏+𝟏𝟏𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝟎𝟎    where   𝜷𝜷𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,𝟐𝟐  not all-𝟎𝟎

Compute linear dependence of the subset-sums



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + 𝜷𝜷𝟐𝟐𝒖𝒖(𝟐𝟐) + ⋯+ 𝜷𝜷𝒏𝒏+𝟏𝟏𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝟎𝟎    where   𝜷𝜷𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,𝟐𝟐  not all-𝟎𝟎

Compute linear dependence of the subset-sums

𝟎𝟎 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟎𝟎 is a trivial subset-sum
𝟏𝟏        𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) is a subset-sum
𝟐𝟐 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟐𝟐𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) + 𝒘𝒘(𝒊𝒊) is a subset-sum

𝜷𝜷𝒊𝒊 = 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + 𝜷𝜷𝟐𝟐𝒖𝒖(𝟐𝟐) + ⋯+ 𝜷𝜷𝒏𝒏+𝟏𝟏𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝟎𝟎    where   𝜷𝜷𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,𝟐𝟐  not all-𝟎𝟎

Compute linear dependence of the subset-sums

𝟎𝟎 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟎𝟎 is a trivial subset-sum
𝟏𝟏        𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) is a subset-sum
𝟐𝟐 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟐𝟐𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) + 𝒘𝒘(𝒊𝒊) is a subset-sum

𝜷𝜷𝒊𝒊 = 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + 𝜷𝜷𝟐𝟐𝒖𝒖(𝟐𝟐) + ⋯+ 𝜷𝜷𝒏𝒏+𝟏𝟏𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝟎𝟎    where   𝜷𝜷𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,𝟐𝟐  not all-𝟎𝟎

Compute linear dependence of the subset-sums

𝟎𝟎 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟎𝟎 is a trivial subset-sum
𝟏𝟏        𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) is a subset-sum
𝟐𝟐 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟐𝟐𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) + 𝒘𝒘(𝒊𝒊) is a subset-sum

𝜷𝜷𝒊𝒊 = 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + 𝜷𝜷𝟐𝟐𝒖𝒖(𝟐𝟐) + ⋯+ 𝜷𝜷𝒏𝒏+𝟏𝟏𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝟎𝟎    where   𝜷𝜷𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,𝟐𝟐  not all-𝟎𝟎

Compute linear dependence of the subset-sums

𝟎𝟎 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟎𝟎 is a trivial subset-sum
𝟏𝟏        𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) is a subset-sum
𝟐𝟐 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟐𝟐𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) + 𝒘𝒘(𝒊𝒊) is a subset-sum

𝜷𝜷𝒊𝒊 = 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐 ≈ 𝒏𝒏𝟐𝟐

Output: a nontrivial subset that sums to 𝟎𝟎

Partition 𝒎𝒎 input vectors into 𝒏𝒏 + 𝟏𝟏 batches of 𝒏𝒏 + 𝟏𝟏 vectors
Compute 2 disjoint subset-sums 𝒖𝒖 𝒊𝒊 = 𝒘𝒘(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + 𝜷𝜷𝟐𝟐𝒖𝒖(𝟐𝟐) + ⋯+ 𝜷𝜷𝒏𝒏+𝟏𝟏𝒖𝒖 𝒏𝒏+𝟏𝟏 = 𝟎𝟎    where   𝜷𝜷𝒊𝒊 ∈ 𝟎𝟎,𝟏𝟏,𝟐𝟐  not all-𝟎𝟎

Compute linear dependence of the subset-sums

𝟎𝟎 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟎𝟎 is a trivial subset-sum
𝟏𝟏        𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) is a subset-sum
𝟐𝟐 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟐𝟐𝒖𝒖(𝒊𝒊) = 𝒖𝒖(𝒊𝒊) + 𝒘𝒘(𝒊𝒊) is a subset-sum

𝜷𝜷𝒊𝒊 = 
Substitute back



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

Dimension 
reduction



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

Dimension 
reduction

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏 𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

Dimension 
reduction

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

Dimension 
reduction

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎

𝒗𝒗𝒋𝒋 = 𝒄𝒄𝒋𝒋𝒖𝒖 + 𝒗𝒗𝒋𝒋′    where   
• 𝒗𝒗𝒋𝒋′ ∈ 𝒖𝒖⊥ (complement space of 𝒖𝒖)
• 𝒄𝒄𝒋𝒋 = 𝟎𝟎,𝟏𝟏,𝟐𝟐 

A subset sums to 𝟎𝟎 in 𝒖𝒖⊥ is an 
multiple of 𝒖𝒖 in the whole space



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

Dimension 
reduction

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎

𝒗𝒗𝒋𝒋 = 𝒄𝒄𝒋𝒋𝒖𝒖 + 𝒗𝒗𝒋𝒋′    where   
• 𝒗𝒗𝒋𝒋′ ∈ 𝒖𝒖⊥ (complement space of 𝒖𝒖)
• 𝒄𝒄𝒋𝒋 = 𝟎𝟎,𝟏𝟏,𝟐𝟐 

A subset sums to 𝟎𝟎 in 𝒖𝒖⊥ is a 
multiple of 𝒖𝒖 in the whole space



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

Dimension 
reduction

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎

𝒗𝒗𝒋𝒋 = 𝒄𝒄𝒋𝒋𝒖𝒖 + 𝒗𝒗𝒋𝒋′    where   
• 𝒗𝒗𝒋𝒋′ ∈ 𝒖𝒖⊥ (complement space of 𝒖𝒖)
• 𝒄𝒄𝒋𝒋 = 𝟎𝟎,𝟏𝟏,𝟐𝟐 

A subset sums to 𝟎𝟎 in 𝒖𝒖⊥ is a 
multiple of 𝒖𝒖 in the whole space



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

Dimension 
reduction

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎

𝒗𝒗𝒋𝒋 = 𝒄𝒄𝒋𝒋𝒖𝒖 + 𝒗𝒗𝒋𝒋′    where   
• 𝒗𝒗𝒋𝒋′ ∈ 𝒖𝒖⊥ (complement space of 𝒖𝒖)
• 𝒄𝒄𝒋𝒋 = 𝟎𝟎,𝟏𝟏,𝟐𝟐 

A subset sums to 𝟎𝟎 in 𝒖𝒖⊥ is a 
multiple of 𝒖𝒖 in the whole space

One dimension 
smaller



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

Dimension 
reduction

#vectors needed for dim 𝒏𝒏

#vectors needed for dim 𝒏𝒏 − 𝟏𝟏𝒏𝒏 + 𝟏𝟏
𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏 𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐
Output: a nontrivial subset that sums to 𝟎𝟎

Dimension 
reduction

#vectors needed for dim 𝒏𝒏

#vectors needed for dim 𝒏𝒏 − 𝟏𝟏𝒏𝒏 + 𝟏𝟏
𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏 𝒗𝒗𝒏𝒏+𝟐𝟐,𝒗𝒗𝒏𝒏+𝟑𝟑, … ,𝒗𝒗𝒎𝒎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

Explore 
sparsity



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

Explore 
sparsity



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

Explore 
sparsity

Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

Explore 
sparsity

Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Fact.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 = 𝒏𝒏 + 𝟏𝟏



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏+𝟏𝟏

𝒖𝒖 = 𝒘𝒘 

Explore 
sparsity

Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Fact.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 = 𝒏𝒏 + 𝟏𝟏

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

Explore 
sparsity

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎

Reducible 𝒖𝒖

Explore 
sparsity

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

Find 𝟎𝟎 in 𝒖𝒖⊥ (dim 𝒏𝒏 − 𝟏𝟏)



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝟐𝟐𝟐𝟐/𝟑𝟑

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎

Reducible 𝒖𝒖

Explore 
sparsity

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟐𝟐𝟐𝟐/𝟑𝟑+𝟏𝟏, … ,𝒗𝒗𝒎𝒎

Find 𝟎𝟎 in 𝒖𝒖⊥ (dim 𝒏𝒏 − 𝟏𝟏)



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝟑𝟑𝒏𝒏 where 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟐𝟐 → 𝒏𝒏𝟐𝟐/𝟑𝟑
Output: a nontrivial subset that sums to 𝟎𝟎

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝟐𝟐𝟐𝟐/𝟑𝟑

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎

Reducible 𝒖𝒖

Explore 
sparsity

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟐𝟐𝟐𝟐/𝟑𝟑+𝟏𝟏, … ,𝒗𝒗𝒎𝒎

Find 𝟎𝟎 in 𝒖𝒖⊥ (dim 𝒏𝒏 − 𝟏𝟏)

𝒏𝒏𝟐𝟐

𝟑𝟑
=
𝒏𝒏𝟐𝟐

𝟐𝟐
⋅
𝟐𝟐
𝟑𝟑



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

∑𝒊𝒊∈𝑻𝑻𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊 = 𝟎𝟎   where 𝜶𝜶𝒊𝒊 ∈ 𝟏𝟏,−𝟏𝟏

Let 𝒖𝒖 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊    and    𝒘𝒘 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

Then 𝒖𝒖 = 𝒘𝒘 are disjoint subset-sum in 𝒗𝒗𝒊𝒊



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

∑𝒊𝒊∈𝑻𝑻𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊 = 𝟎𝟎   where 𝜶𝜶𝒊𝒊 ∈ 𝟏𝟏,−𝟏𝟏

Let 𝒖𝒖 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊    and    𝒘𝒘 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

Then 𝒖𝒖 = 𝒘𝒘 are disjoint subset-sum in 𝒗𝒗𝒊𝒊



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

∑𝒊𝒊∈𝑻𝑻𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊 = 𝟎𝟎   where 𝜶𝜶𝒊𝒊 ∈ 𝟏𝟏,−𝟏𝟏

Let 𝒖𝒖 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊    and    𝒘𝒘 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

Then 𝒖𝒖 = 𝒘𝒘 are disjoint subset-sum in 𝒗𝒗𝒊𝒊

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Def (reducible vector).
𝒖𝒖 is reducible in 𝑻𝑻 ⊆ [𝒎𝒎] if any multiple of 𝒖𝒖 
is a subset-sum of vectors in 𝑻𝑻

Claim.
Reducible vector 𝒖𝒖 exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

∑𝒊𝒊∈𝑻𝑻𝜶𝜶𝒊𝒊𝒗𝒗𝒊𝒊 = 𝟎𝟎   where 𝜶𝜶𝒊𝒊 ∈ 𝟏𝟏,−𝟏𝟏

Let 𝒖𝒖 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=𝟏𝟏 𝒗𝒗𝒊𝒊    and    𝒘𝒘 = ∑𝒊𝒊:𝜶𝜶𝒊𝒊=−𝟏𝟏 𝒗𝒗𝒊𝒊

Then 𝒖𝒖 = 𝒘𝒘 are disjoint subset-sum in 𝒗𝒗𝒊𝒊

𝟎𝟎 ⋅ 𝒖𝒖 = 𝟎𝟎 is a subset-sum
𝟏𝟏 ⋅ 𝒖𝒖 = 𝒖𝒖 is a subset-sum
𝟐𝟐 ⋅ 𝒖𝒖 = 𝒖𝒖 + 𝒘𝒘 is a subset-sum

𝒖𝒖 is reducible 



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏 𝒚𝒚𝟏𝟏, … ,𝒚𝒚𝒌𝒌     for      𝒌𝒌 = 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏
Basis change

𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏

𝒚𝒚𝟏𝟏, … ,𝒚𝒚𝒌𝒌     for      𝒌𝒌 = 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏

𝒛𝒛𝟏𝟏, … , 𝒛𝒛𝒌𝒌



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏
Basis change

𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏
Random linear comb

with 𝜶𝜶𝟏𝟏, … ,𝜶𝜶𝒌𝒌 ∈ 𝐅𝐅𝟑𝟑

In expectation 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑 nonzero entries

𝒚𝒚𝟏𝟏, … ,𝒚𝒚𝒌𝒌     for      𝒌𝒌 = 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏

𝒛𝒛𝟏𝟏, … , 𝒛𝒛𝒌𝒌



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏
Basis change

𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏
Random linear comb

with 𝜶𝜶𝟏𝟏, … ,𝜶𝜶𝒌𝒌 ∈ 𝐅𝐅𝟑𝟑

In expectation 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑 nonzero entries

Derandom and exclude 
𝜶𝜶𝟏𝟏 = ⋯ = 𝜶𝜶𝒌𝒌 = 𝟎𝟎

Some explicit nontrivial 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑

𝟏𝟏−𝟑𝟑−𝒌𝒌
≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 nonzero entries

𝒚𝒚𝟏𝟏, … ,𝒚𝒚𝒌𝒌     for      𝒌𝒌 = 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏

𝒛𝒛𝟏𝟏, … , 𝒛𝒛𝒌𝒌



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏
Basis change

𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏
Random linear comb

with 𝜶𝜶𝟏𝟏, … ,𝜶𝜶𝒌𝒌 ∈ 𝐅𝐅𝟑𝟑

In expectation 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑 nonzero entries

Derandom and exclude 
𝜶𝜶𝟏𝟏 = ⋯ = 𝜶𝜶𝒌𝒌 = 𝟎𝟎

Some explicit nontrivial 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑

𝟏𝟏−𝟑𝟑−𝒌𝒌
≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 nonzero entries

𝒚𝒚𝟏𝟏, … ,𝒚𝒚𝒌𝒌     for      𝒌𝒌 = 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏

𝒛𝒛𝟏𝟏, … , 𝒛𝒛𝒌𝒌

Use ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 of them 
to produce −𝒛𝒛



𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Claim.
Linear dependence exists with 𝑻𝑻 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 
whenever 𝒎𝒎 ≥ 𝒏𝒏 + 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒏𝒏
Basis change

𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏
Random linear comb

with 𝜶𝜶𝟏𝟏, … ,𝜶𝜶𝒌𝒌 ∈ 𝐅𝐅𝟑𝟑

In expectation 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑 nonzero entries

Derandom and exclude 
𝜶𝜶𝟏𝟏 = ⋯ = 𝜶𝜶𝒌𝒌 = 𝟎𝟎

Some explicit nontrivial 𝒛𝒛 = ∑𝒊𝒊𝜶𝜶𝒊𝒊𝒛𝒛𝒊𝒊 has 
at most 𝟐𝟐𝒏𝒏/𝟑𝟑

𝟏𝟏−𝟑𝟑−𝒌𝒌
≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 nonzero entries

𝒚𝒚𝟏𝟏, … ,𝒚𝒚𝒌𝒌     for      𝒌𝒌 = 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏

𝒛𝒛𝟏𝟏, … , 𝒛𝒛𝒌𝒌

Use ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 of them 
to produce −𝒛𝒛

Linear dependence using ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 + 𝒌𝒌 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 
Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 
Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 
Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 
Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝟏𝟏 + 𝒐𝒐 𝟏𝟏 𝒏𝒏  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
No, consider 𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏 and random 𝒐𝒐 𝒏𝒏  vectors

Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝟏𝟏 + 𝒐𝒐 𝟏𝟏 𝒏𝒏  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
No, consider 𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏 and random 𝒐𝒐 𝒏𝒏  vectors

Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝟏𝟏 + 𝒐𝒐 𝟏𝟏 𝒏𝒏  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
No, consider 𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏 and random 𝒐𝒐 𝒏𝒏  vectors

Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝟏𝟏 + 𝒐𝒐 𝟏𝟏 𝒏𝒏  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
No, consider 𝒆𝒆𝟏𝟏, … , 𝒆𝒆𝒏𝒏 and 𝒐𝒐 𝒏𝒏  random vectors

Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝒏𝒏𝟏𝟏.𝟗𝟗𝟗𝟗  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
𝑹𝑹 ≈ 𝒏𝒏/ 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 is possible, ignoring efficiency

Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝒏𝒏𝟏𝟏.𝟗𝟗𝟗𝟗  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
𝑹𝑹 ≈ 𝒏𝒏/ 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 is possible, ignoring efficiency

Given 𝒎𝒎 ≈ 𝒏𝒏𝟐𝟐/𝟑𝟑 vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find a nontrivial 
subset that sums to 𝟎𝟎

Is 𝒎𝒎 ≪ 𝒏𝒏𝟐𝟐/𝟑𝟑 possible?
𝒎𝒎 = 𝟐𝟐𝟐𝟐 + 𝟏𝟏 guarantees solution
Average case?



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 
Given 𝒎𝒎 ≈ 𝒏𝒏𝟏𝟏𝟎𝟎𝟎𝟎  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
𝑹𝑹 ≈ 𝒏𝒏/ 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 is possible, ignoring efficiency



Open problem on 𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum 

Given 𝒎𝒎 ≈ 𝒏𝒏𝟏𝟏𝟏𝟏𝟏𝟏  vectors in 𝐅𝐅𝟐𝟐𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝒏𝒏/𝟐𝟐 vectors

Is 𝑹𝑹 ≪ 𝒏𝒏/𝟐𝟐 possible?
𝑹𝑹 ≈ 𝒏𝒏/ 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 is possible, ignoring efficiency

Given 𝒎𝒎 ≈ 𝒏𝒏𝟏𝟏𝟎𝟎𝟎𝟎  vectors in 𝐅𝐅𝟑𝟑𝒏𝒏, we can efficiently find linear 
dependence that uses only 𝑹𝑹 ≈ 𝟐𝟐𝟐𝟐/𝟑𝟑 vectors

Is 𝑹𝑹 ≪ 𝟐𝟐𝟐𝟐/𝟑𝟑 possible?
𝑹𝑹 ≈ 𝒏𝒏/ 𝐥𝐥𝐥𝐥𝐥𝐥𝒏𝒏 is possible, ignoring efficiency



Algorithm overview

𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Reducible vector

The SIS∞ problem
Weight reduction

The 𝑨𝑨-SIS problem
General reduction



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Proof. View 𝐅𝐅𝒑𝒑 as − 𝒑𝒑/𝟐𝟐 , … , ⌊𝒑𝒑/𝟐𝟐⌋



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐

Proof. 
By induction on 𝒌𝒌 = 𝟐𝟐𝒊𝒊

Base case is 𝒊𝒊 = 𝟎𝟎 and 𝒉𝒉 = 𝒑𝒑
𝟐𝟐

 Then 𝒎𝒎 ≥ 𝒏𝒏 + 𝟏𝟏 suffices
Since 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝒌𝒌 suffices for 𝒉𝒉 = 𝒑𝒑

𝟐𝟐𝟐𝟐
 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐𝟐𝟐 suffices for 𝒉𝒉 = 𝒑𝒑

𝟒𝟒𝟒𝟒



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐

Proof. 
By induction on 𝒌𝒌 = 𝟐𝟐𝒊𝒊

Base case is 𝒊𝒊 = 𝟎𝟎 and 𝒉𝒉 = 𝒑𝒑
𝟐𝟐

 Then 𝒎𝒎 ≥ 𝒏𝒏 + 𝟏𝟏 suffices
Since 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝒌𝒌 suffices for 𝒉𝒉 = 𝒑𝒑

𝟐𝟐𝟐𝟐
 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐𝟐𝟐 suffices for 𝒉𝒉 = 𝒑𝒑

𝟒𝟒𝟒𝟒



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐

Proof. 
By induction on 𝒌𝒌 = 𝟐𝟐𝒊𝒊

Base case is 𝒊𝒊 = 𝟎𝟎 and 𝒉𝒉 = 𝒑𝒑
𝟐𝟐

 Then 𝒎𝒎 ≥ 𝒏𝒏 + 𝟏𝟏 suffices
Since 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝒌𝒌 suffices for 𝒉𝒉 = 𝒑𝒑

𝟐𝟐𝟐𝟐
 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐𝟐𝟐 suffices for 𝒉𝒉 = 𝒑𝒑

𝟒𝟒𝟒𝟒



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐

Proof. 
By induction on 𝒌𝒌 = 𝟐𝟐𝒊𝒊

Base case is 𝒊𝒊 = 𝟎𝟎 and 𝒉𝒉 = 𝒑𝒑
𝟐𝟐

 Then 𝒎𝒎 ≥ 𝒏𝒏 + 𝟏𝟏 suffices
Since 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝒌𝒌 suffices for 𝒉𝒉 = 𝒑𝒑

𝟐𝟐𝟐𝟐
 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐𝟐𝟐 suffices for 𝒉𝒉 = 𝒑𝒑

𝟒𝟒𝟒𝟒



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐

Proof. 
By induction on 𝒌𝒌 = 𝟐𝟐𝒊𝒊

Base case is 𝒊𝒊 = 𝟎𝟎 and 𝒉𝒉 = 𝒑𝒑
𝟐𝟐

 Then 𝒎𝒎 ≥ 𝒏𝒏 + 𝟏𝟏 suffices
Since 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝒌𝒌 suffices for 𝒉𝒉 = 𝒑𝒑

𝟐𝟐𝟐𝟐
 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐𝟐𝟐 suffices for 𝒉𝒉 = 𝒑𝒑

𝟒𝟒𝟒𝟒



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Fact. If 𝒉𝒉 = 𝒑𝒑/𝟐𝟐, then 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 suffices

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Theorem (Imran-Ivanyos’25). 
Assume 𝒌𝒌 is a power of two and

𝒎𝒎 ≫ 𝒑𝒑𝒌𝒌 𝐥𝐥𝐥𝐥𝐥𝐥 𝒌𝒌𝒏𝒏𝒌𝒌
Classical polytime algorithm for

𝒉𝒉 =
𝒑𝒑
𝟐𝟐𝟐𝟐

Proof. 
By induction on 𝒌𝒌 = 𝟐𝟐𝒊𝒊

Base case is 𝒊𝒊 = 𝟎𝟎 and 𝒉𝒉 = 𝒑𝒑
𝟐𝟐

 Then 𝒎𝒎 ≥ 𝒏𝒏 + 𝟏𝟏 suffices
Since 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝒌𝒌 suffices for 𝒉𝒉 = 𝒑𝒑

𝟐𝟐𝟐𝟐
 𝒎𝒎 = 𝒏𝒏 + 𝟏𝟏 𝟐𝟐𝟐𝟐 suffices for 𝒉𝒉 = 𝒑𝒑

𝟒𝟒𝟒𝟒

Dimension reduction 
and 
exploring sparsity
also apply



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors
Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

Compute linear dependence of 𝒖𝒖(𝒊𝒊)  and substitute back



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch
Compute linear dependence of 𝒖𝒖(𝒊𝒊)  and substitute back



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + ⋯+ 𝜷𝜷𝑹𝑹𝒖𝒖 𝑹𝑹 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝜷𝜷𝒊𝒊≤ 𝑩𝑩 not all-𝟎𝟎

Replace each 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) by reducibility

Compute linear dependence of 𝒖𝒖(𝒊𝒊)  and substitute back



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + ⋯+ 𝜷𝜷𝑹𝑹𝒖𝒖 𝑹𝑹 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝜷𝜷𝒊𝒊≤ 𝑩𝑩 not all-𝟎𝟎

Replace each 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) by reducibility

Compute linear dependence of 𝒖𝒖(𝒊𝒊)  and substitute back



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝒄𝒄𝟏𝟏𝒗𝒗𝟏𝟏
(𝒊𝒊) + ⋯+ 𝒄𝒄𝑹𝑹𝒗𝒗𝑹𝑹

𝒊𝒊 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩 not all-𝟎𝟎𝒗𝒗𝟏𝟏

(𝒊𝒊), … ,𝒗𝒗𝑹𝑹
(𝒊𝒊)

Since 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝒄𝒄𝟏𝟏𝒗𝒗𝟏𝟏
(𝒊𝒊) + ⋯+ 𝒄𝒄𝑹𝑹𝒗𝒗𝑹𝑹

𝒊𝒊 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩 not all-𝟎𝟎𝒗𝒗𝟏𝟏

(𝒊𝒊), … ,𝒗𝒗𝑹𝑹
(𝒊𝒊)

Since 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
 where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   

has coeffs ±𝒄𝒄 ⊆ ±𝑩𝑩/𝟐𝟐
Coeffs ±𝟏𝟏



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < 𝒄𝒄 ≤ 𝑩𝑩   



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < 𝒄𝒄 ≤ 𝑩𝑩   

= 𝒄𝒄 ⋅ 𝒖𝒖 𝒊𝒊 − 𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩  
= ∑𝒔𝒔<𝑩𝑩/𝟐𝟐 −𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 + ∑𝒔𝒔≥𝑩𝑩/𝟐𝟐 𝒄𝒄 − 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
has coeffs ±𝑩𝑩/𝟐𝟐
 since 𝒔𝒔 ≤ 𝑩𝑩/𝟐𝟐 and 𝒄𝒄 − 𝒔𝒔 ≤ 𝑩𝑩/𝟐𝟐
 and 𝑻𝑻𝒔𝒔 has coeff ±𝟏𝟏



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < 𝒄𝒄 ≤ 𝑩𝑩   

= 𝒄𝒄 ⋅ 𝒖𝒖 𝒊𝒊 − 𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩  
= ∑𝒔𝒔<𝑩𝑩/𝟐𝟐 −𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 + ∑𝒔𝒔≥𝑩𝑩/𝟐𝟐 𝒄𝒄 − 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
has coeffs ±𝑩𝑩/𝟐𝟐
 since 𝒔𝒔 ≤ 𝑩𝑩/𝟐𝟐 and 𝒄𝒄 − 𝒔𝒔 ≤ 𝑩𝑩/𝟐𝟐
 and 𝑻𝑻𝒔𝒔 has coeff ±𝟏𝟏



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < 𝒄𝒄 ≤ 𝑩𝑩   

= 𝒄𝒄 ⋅ 𝒖𝒖 𝒊𝒊 − 𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩  
= ∑𝒔𝒔<𝑩𝑩/𝟐𝟐 −𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 + ∑𝒔𝒔≥𝑩𝑩/𝟐𝟐 𝒄𝒄 − 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
has coeffs ±𝑩𝑩/𝟐𝟐
 since 𝒔𝒔 ≤ 𝑩𝑩/𝟐𝟐 and |𝒄𝒄 − 𝒔𝒔| ≤ 𝑩𝑩/𝟐𝟐
 and 𝑻𝑻𝒔𝒔 has coeff ±𝟏𝟏



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < 𝒄𝒄 ≤ 𝑩𝑩   



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ |𝒄𝒄| ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < |𝒄𝒄| ≤ 𝑩𝑩   



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊)
𝟎𝟎 ≤ |𝒄𝒄| ≤ 𝑩𝑩/𝟐𝟐   
𝑩𝑩/𝟐𝟐 < |𝒄𝒄| ≤ 𝑩𝑩   

𝒖𝒖(𝒊𝒊) is reducible 



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

What if 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩 is 
an empty sum?



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

What if 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩 is 
an empty sum?

𝒄𝒄𝟏𝟏𝒗𝒗𝟏𝟏
(𝒊𝒊) + ⋯+ 𝒄𝒄𝑹𝑹𝒗𝒗𝑹𝑹

𝒊𝒊 = 𝟎𝟎   
 where −𝑩𝑩/𝟐𝟐 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩/𝟐𝟐 not all-𝟎𝟎

Let 𝒄𝒄𝒋𝒋 ← 𝟐𝟐𝒄𝒄𝒋𝒋 and try again



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Partition 𝑹𝑹𝟐𝟐 vectors into 𝑹𝑹 batches of 𝑹𝑹 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟐𝟐

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
         where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋

𝒊𝒊 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋
(𝒊𝒊)

Define 𝒖𝒖(𝒊𝒊) = 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩

What if 𝑻𝑻𝑩𝑩/𝟐𝟐 + 𝑻𝑻𝑩𝑩/𝟐𝟐+𝟏𝟏 + ⋯+ 𝑻𝑻𝑩𝑩 is 
an empty sum?

𝒄𝒄𝟏𝟏𝒗𝒗𝟏𝟏
(𝒊𝒊) + ⋯+ 𝒄𝒄𝑹𝑹𝒗𝒗𝑹𝑹

𝒊𝒊 = 𝟎𝟎   
 where −𝑩𝑩/𝟐𝟐 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩/𝟐𝟐 not all-𝟎𝟎

Let 𝒄𝒄𝒋𝒋 ← 𝟐𝟐𝒄𝒄𝒋𝒋 and try again



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

Lemma (iterative halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐𝒕𝒕  suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐𝒕𝒕



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐 suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐

How about dividing 𝟑𝟑 ?
Do we have to pay 𝒎𝒎 = 𝑹𝑹𝟒𝟒 and get the stronger 𝒉𝒉 = 𝑩𝑩/𝟒𝟒 ?

Lemma (iterative halving). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, then 𝒎𝒎 = 𝑹𝑹𝟐𝟐𝒕𝒕  suffices for 𝒉𝒉 = 𝑩𝑩/𝟐𝟐𝒕𝒕



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight trisecting). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟑𝟑 suffices for 𝒉𝒉 = 𝑩𝑩/𝟑𝟑



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight trisecting). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟑𝟑 suffices for 𝒉𝒉 = 𝑩𝑩/𝟑𝟑

Partition 𝑹𝑹𝟑𝟑 vectors into 𝑹𝑹 batches of 𝑹𝑹𝟐𝟐 vectors
Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

Compute linear dependence of 𝒖𝒖(𝒊𝒊)  and substitute back



The SIS∞ problem 
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏

Output: linear dependence using coeffs in ±𝒉𝒉

Lemma (weight trisecting). 
If 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩, 
then 𝒎𝒎 = 𝑹𝑹𝟑𝟑 suffices for 𝒉𝒉 = 𝑩𝑩/𝟑𝟑

Partition 𝑹𝑹𝟑𝟑 vectors into 𝑹𝑹 batches of 𝑹𝑹𝟐𝟐 vectors

Def (reducible vector).
𝒖𝒖(𝒊𝒊) is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖(𝒊𝒊) is a linear comb of vectors in batch 𝒊𝒊
 using coeffs in ±𝑩𝑩/𝟑𝟑

Compute reducible vector 𝒖𝒖(𝒊𝒊) in each batch

𝜷𝜷𝟏𝟏𝒖𝒖 𝟏𝟏 + ⋯+ 𝜷𝜷𝑹𝑹𝒖𝒖 𝑹𝑹 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝜷𝜷𝒊𝒊≤ 𝑩𝑩 not all-𝟎𝟎

Replace each 𝜷𝜷𝒊𝒊𝒖𝒖(𝒊𝒊) by reducibility

Compute linear dependence of 𝒖𝒖(𝒊𝒊)  and substitute back



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒄𝒄𝟏𝟏𝒗𝒗𝟏𝟏 + ⋯+ 𝒄𝒄𝑹𝑹𝒗𝒗𝑹𝑹 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩 not all-𝟎𝟎𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹

Since 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
 where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒄𝒄𝟏𝟏𝒗𝒗𝟏𝟏 + ⋯+ 𝒄𝒄𝑹𝑹𝒗𝒗𝑹𝑹 = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩 not all-𝟎𝟎𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹

Since 𝒎𝒎 = 𝑹𝑹 suffices for 𝒉𝒉 = 𝑩𝑩

𝟏𝟏 ⋅ 𝑻𝑻𝟏𝟏 + 𝟐𝟐 ⋅ 𝑻𝑻𝟐𝟐 + ⋯+ 𝑩𝑩 ⋅ 𝑻𝑻𝑩𝑩 = 𝟎𝟎   
 where 𝑻𝑻𝒔𝒔 = ∑𝒋𝒋:𝒄𝒄𝒋𝒋=𝒔𝒔 𝒗𝒗𝒋𝒋 + ∑𝒋𝒋:𝒄𝒄𝒋𝒋=−𝒔𝒔−𝒗𝒗𝒋𝒋

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔



The SIS∞ problem 

Each 𝑻𝑻𝒔𝒔 is a disjoint 
signed-subset-sum of 𝒗𝒗𝟏𝟏 … ,𝒗𝒗𝑹𝑹

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

Each 𝑻𝑻𝒔𝒔 is a disjoint 
signed-subset-sum of 𝒗𝒗𝟏𝟏 … ,𝒗𝒗𝑹𝑹

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔

𝒙𝒙 =

�
𝒔𝒔<𝑩𝑩/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

Each 𝑻𝑻𝒔𝒔 is a disjoint 
signed-subset-sum of 𝒗𝒗𝟏𝟏 … ,𝒗𝒗𝑹𝑹

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔

𝒙𝒙 =

�
𝒔𝒔<𝑩𝑩/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

Small

Median

Large

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

Each 𝑻𝑻𝒔𝒔 is a disjoint 
signed-subset-sum of 𝒗𝒗𝟏𝟏 … ,𝒗𝒗𝑹𝑹

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔

𝒙𝒙 =

�
𝒔𝒔<𝑩𝑩/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

𝒙𝒙 is a vector in 𝐅𝐅𝒑𝒑𝟑𝟑𝟑𝟑

Expand 𝒙𝒙 in terms of ±𝒗𝒗𝟏𝟏 … , ±𝒗𝒗𝑹𝑹 and combine
• Small ones with small coeffs 𝑩𝑩/𝟑𝟑
• Median ones with median coeffs 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
• Large ones with large coeffs 𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩
We obtain 𝟎𝟎

Small

Median

Large

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

Each 𝑻𝑻𝒔𝒔 is a disjoint 
signed-subset-sum of 𝒗𝒗𝟏𝟏 … ,𝒗𝒗𝑹𝑹

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔

𝒙𝒙 =

�
𝒔𝒔<𝑩𝑩/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

𝒙𝒙 is a vector in 𝐅𝐅𝒑𝒑𝟑𝟑𝟑𝟑

Expand 𝒙𝒙 in terms of ±𝒗𝒗𝟏𝟏 … , ±𝒗𝒗𝑹𝑹 and combine
• Small ones with small coeffs 𝑩𝑩/𝟑𝟑
• Median ones with median coeffs 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
• Large ones with large coeffs 𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩
We obtain 𝟎𝟎

Small

Median

Large

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

Each 𝑻𝑻𝒔𝒔 is a disjoint 
signed-subset-sum of 𝒗𝒗𝟏𝟏 … ,𝒗𝒗𝑹𝑹

𝟎𝟎 = ∑𝒔𝒔<𝑩𝑩/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔 
 +∑𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑 𝒔𝒔 ⋅ 𝑻𝑻𝒔𝒔

𝒙𝒙 =

�
𝒔𝒔<𝑩𝑩/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝑩𝑩/𝟑𝟑≤𝒔𝒔<𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

�
𝒔𝒔≥𝟐𝟐𝟐𝟐/𝟑𝟑

𝑻𝑻𝒔𝒔

𝒙𝒙 is a vector in 𝐅𝐅𝒑𝒑𝟑𝟑𝟑𝟑

Expand 𝒙𝒙 in terms of ±𝒗𝒗𝟏𝟏 … , ±𝒗𝒗𝑹𝑹 and combine
• Small ones with small coeffs 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
• Median ones with median coeffs 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
• Large ones with large coeffs 𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩
We obtain 𝟎𝟎

Small

Median

Large

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹

𝒙𝒙 =
𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒,𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌,𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋are disjoint signed-subset-sums

Expand in terms of ±𝒗𝒗𝟏𝟏 … , ±𝒗𝒗𝑹𝑹 and combine
• 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 ones with small coeffs 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
• 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌 ones with median coeffs 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
• 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋 ones with large coeffs 𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩
We obtain 𝟎𝟎

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝑹𝑹

(𝟏𝟏)

𝒙𝒙(𝟏𝟏)

⋯⋯ 𝒗𝒗𝟏𝟏
(𝑹𝑹), … ,𝒗𝒗𝑹𝑹

(𝑹𝑹)

𝒙𝒙(𝑹𝑹)

𝒗𝒗𝟏𝟏
(𝟐𝟐), … ,𝒗𝒗𝑹𝑹

(𝟐𝟐)

𝒙𝒙(𝟐𝟐)

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝒗𝒗𝟏𝟏
(𝟏𝟏), … ,𝒗𝒗𝑹𝑹

(𝟏𝟏)

𝒙𝒙(𝟏𝟏)

⋯⋯ 𝒗𝒗𝟏𝟏
(𝑹𝑹), … ,𝒗𝒗𝑹𝑹

(𝑹𝑹)

𝒙𝒙(𝑹𝑹)

𝒗𝒗𝟏𝟏
(𝟐𝟐), … ,𝒗𝒗𝑹𝑹

(𝟐𝟐)

𝒙𝒙(𝟐𝟐)

𝒄𝒄𝟏𝟏𝒙𝒙(𝟏𝟏) + ⋯+ 𝒄𝒄𝑹𝑹𝒙𝒙(𝑹𝑹) = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩 not all-𝟎𝟎

Linear dependence of 
𝑹𝑹 vectors using coeffs ±𝑩𝑩

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝒄𝒄𝟏𝟏𝒙𝒙(𝟏𝟏) + ⋯+ 𝒄𝒄𝑹𝑹𝒙𝒙(𝑹𝑹) = 𝟎𝟎   
 where −𝑩𝑩 ≤ 𝒄𝒄𝒋𝒋≤ 𝑩𝑩 not all-𝟎𝟎

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝟏𝟏 ⋅ 𝒙𝒙 𝟏𝟏 − 𝑩𝑩/𝟒𝟒 ⋅ 𝒙𝒙 𝟐𝟐 + 𝑩𝑩/𝟐𝟐 ⋅ 𝒙𝒙(𝟒𝟒) + 𝟓𝟓𝟓𝟓/𝟔𝟔 ⋅ 𝒙𝒙(𝟕𝟕) = 𝟎𝟎   

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝟏𝟏 ⋅ 𝒙𝒙 𝟏𝟏 − 𝑩𝑩/𝟒𝟒 ⋅ 𝒙𝒙 𝟐𝟐 + 𝑩𝑩/𝟐𝟐 ⋅ 𝒙𝒙(𝟒𝟒) + 𝟓𝟓𝟓𝟓/𝟔𝟔 ⋅ 𝒙𝒙(𝟕𝟕) = 𝟎𝟎   

Small coeffs
𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑

Median coeffs 
𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑

Large coeffs 
𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝟏𝟏 ⋅ 𝒙𝒙 𝟏𝟏 − 𝑩𝑩/𝟒𝟒 ⋅ 𝒙𝒙 𝟐𝟐 + 𝑩𝑩/𝟐𝟐 ⋅ 𝒙𝒙(𝟒𝟒) + 𝟓𝟓𝟓𝟓/𝟔𝟔 ⋅ 𝒙𝒙(𝟕𝟕) = 𝟎𝟎   

Small coeffs
𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑

Median coeffs 
𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑

Large coeffs 
𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩

𝒙𝒙 =
𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝟏𝟏 ⋅ 𝒙𝒙 𝟏𝟏 − 𝑩𝑩/𝟒𝟒 ⋅ 𝒙𝒙 𝟐𝟐 + 𝑩𝑩/𝟐𝟐 ⋅ 𝒙𝒙(𝟒𝟒) + 𝟓𝟓𝟓𝟓/𝟔𝟔 ⋅ 𝒙𝒙(𝟕𝟕) = 𝟎𝟎   

Small coeffs
𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑

Median coeffs 
𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑

Large coeffs 
𝟐𝟐𝑩𝑩/𝟑𝟑 ∼ 𝑩𝑩

𝒙𝒙 =
𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐



The SIS∞ problem 

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every row of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every row of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 

𝟏𝟏 ⋅ 𝒙𝒙 𝟏𝟏 − 𝑩𝑩/𝟒𝟒 ⋅ 𝒙𝒙 𝟐𝟐 + 𝑩𝑩/𝟐𝟐 ⋅ 𝒙𝒙(𝟒𝟒) + 𝟓𝟓𝟓𝟓/𝟔𝟔 ⋅ 𝒙𝒙(𝟕𝟕) = 𝟎𝟎   

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every row of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 

𝟏𝟏 ⋅ 𝒙𝒙 𝟏𝟏 − 𝑩𝑩/𝟒𝟒 ⋅ 𝒙𝒙 𝟐𝟐 + 𝑩𝑩/𝟐𝟐 ⋅ 𝒙𝒙(𝟒𝟒) + 𝟓𝟓𝟓𝟓/𝟔𝟔 ⋅ 𝒙𝒙(𝟕𝟕) = 𝟎𝟎   
𝒙𝒙 =

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every row of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
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𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
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Every row of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕
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Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 
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Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every column of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every column of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

𝒙𝒙(𝟏𝟏) =

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
(𝟏𝟏)

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
(𝟏𝟏)

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
(𝟐𝟐)

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟐𝟐)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
(𝟐𝟐)

= 𝒙𝒙(𝟐𝟐)

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 
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Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every column of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

𝒙𝒙(𝟏𝟏) =

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
(𝟏𝟏)

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
(𝟏𝟏)

𝒂𝒂
𝒅𝒅
𝒈𝒈

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
(𝟐𝟐)

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟐𝟐)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
(𝟐𝟐)

= 𝒙𝒙(𝟐𝟐)

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
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𝒂𝒂 𝒃𝒃 𝒕𝒕
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𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
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𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
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(𝟐𝟐)

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟐𝟐)
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𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
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𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
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The SIS∞ problem 

Observation.
Every entry of 𝑴𝑴 is a disjoint signed-subset-sum of 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐
Every row of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights
Every column of 𝑴𝑴 sums to 𝟎𝟎 with proper small, median, large weights

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝑴𝑴 =
𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

=

𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟏𝟏 − 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟐𝟐 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
𝟒𝟒 𝒙𝒙𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝟕𝟕

𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟏𝟏) − 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟐𝟐) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌
(𝟒𝟒) 𝒙𝒙𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌

(𝟕𝟕)

𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟏𝟏 − 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟐𝟐 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋
𝟒𝟒 𝒙𝒙𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋

𝟕𝟕



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥

= 𝟎𝟎

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

= 𝟎𝟎

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

= 𝟎𝟎

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟑𝟑 (𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒄𝒄)
 𝒄𝒄 ⋅ 𝒖𝒖 has coeffs in ±𝒄𝒄 ⊆ ±𝑩𝑩/𝟑𝟑𝒂𝒂 𝒃𝒃 𝒕𝒕

𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

= 𝟎𝟎

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟑𝟑 (𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒄𝒄)
 𝒄𝒄 ⋅ 𝒖𝒖 has coeffs in ±𝒄𝒄 ⊆ ±𝑩𝑩/𝟑𝟑𝒂𝒂 𝒃𝒃 𝒕𝒕

𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

= 𝟎𝟎

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

= 𝟎𝟎

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟑𝟑 (𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒄𝒄) 
𝑩𝑩/𝟑𝟑 < 𝒄𝒄 ≤ 𝟐𝟐𝟐𝟐/𝟑𝟑 (𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦 𝒄𝒄) 

𝒄𝒄 ⋅ 𝒖𝒖
= 𝒄𝒄 ⋅ 𝒇𝒇 − 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 ⋅ 𝒕𝒕 + 𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦 ⋅ 𝒇𝒇 + 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′ ⋅ 𝒊𝒊
     −𝒄𝒄 ⋅ 𝒉𝒉 + 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 ⋅ 𝒈𝒈 + 𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦 ⋅ 𝒉𝒉 + 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥 ⋅ 𝒊𝒊
= −𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐥𝐥′ ⋅ 𝒕𝒕 + 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 ⋅ 𝒈𝒈
     + 𝒄𝒄 −𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐧𝐧′ ⋅ 𝒇𝒇 + 𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦 − 𝒄𝒄 ⋅ 𝒉𝒉
     + 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥 − 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′ ⋅ 𝒊𝒊

Small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
Median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
Large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩



The SIS∞ problem 

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬′  

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦′  

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥′

= 𝟎𝟎

= 𝟎𝟎

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
 using coeffs in ±𝑩𝑩/𝟑𝟑

Construct reducible vector 𝒖𝒖 in 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝑹𝑹𝟐𝟐

𝟎𝟎 ≤ 𝒄𝒄 ≤ 𝑩𝑩/𝟑𝟑 (𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒄𝒄) 
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The SIS∞ problem 
Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors
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𝑹𝑹𝒌𝒌−𝟏𝟏 vectors

General 𝒌𝒌
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∎∎ 
Permutohedron



Algorithm overview

𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
Reducible vector

The SIS∞ problem
Weight reduction

The 𝑨𝑨-SIS problem
General reduction



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨

Def (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors using coeffs 
 in ±𝑩𝑩/𝟑𝟑

small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐥𝐥

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐧𝐧

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐞𝐞

= 𝟎𝟎

= 𝟎𝟎



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉 is reducibleDef (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors using coeffs 
 in ±𝑩𝑩/𝟑𝟑

small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖
= −𝐬𝐬𝐬𝐬𝐬𝐬𝐥𝐥𝐥𝐥 ⋅ 𝒅𝒅 + 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐥𝐥 ⋅ 𝒃𝒃
     + 𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐧𝐧 −𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦 ⋅ 𝒆𝒆
     + 𝒄𝒄 − 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥 ⋅ 𝒇𝒇 + 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐞𝐞 − 𝒄𝒄 ⋅ 𝒉𝒉

For example, if 𝒄𝒄 is 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥, then

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐥𝐥

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐧𝐧

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐞𝐞

= 𝟎𝟎

= 𝟎𝟎



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉 is reducibleDef (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors using coeffs 
 in ±𝑩𝑩/𝟑𝟑

small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
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𝒄𝒄 ⋅ 𝒖𝒖
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For example, if 𝒄𝒄 is 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥, then

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊
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= 𝟎𝟎

= 𝟎𝟎

has coeffs in
• ±small
• median − median
• large − large



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉 is reducibleDef (reducible vector).
𝒖𝒖 is reducible if for any −𝑩𝑩 ≤ 𝒄𝒄 ≤ 𝑩𝑩, 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors using coeffs 
 in ±𝑩𝑩/𝟑𝟑

small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖
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For example, if 𝒄𝒄 is 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥, then

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬  𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦  𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐥𝐥

𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐧𝐧

𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐞𝐞

= 𝟎𝟎

= 𝟎𝟎

has coeffs in
• ±small
• median − median
• large − large

All in ±𝑩𝑩/𝟑𝟑



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨

𝒖𝒖 = 𝒇𝒇 − 𝒉𝒉 is reducibleDef (reducible vector).
𝒖𝒖 is reducible if for any 𝒄𝒄 ∈ ±(𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 ∪ 𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦𝐦 ∪ 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥), 
𝒄𝒄 ⋅ 𝒖𝒖 is a linear comb of the given vectors using coeffs 
 in ±small ∪ median − median ∪ large − large

small 𝟎𝟎 ∼ 𝑩𝑩/𝟑𝟑
median 𝑩𝑩/𝟑𝟑 ∼ 𝟐𝟐𝟐𝟐/𝟑𝟑
large 𝟐𝟐𝟐𝟐/𝟑𝟑 ∼ 𝑩𝑩

𝒄𝒄 ⋅ 𝒖𝒖
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     + 𝒄𝒄 − 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥 ⋅ 𝒇𝒇 + 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐞𝐞 − 𝒄𝒄 ⋅ 𝒉𝒉

For example, if 𝒄𝒄 is 𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥, then

𝒂𝒂 𝒃𝒃 𝒕𝒕
𝒅𝒅 𝒆𝒆 𝒇𝒇
𝒈𝒈 𝒉𝒉 𝒊𝒊
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has coeffs in
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• median − median
• large − large

All in ±𝑩𝑩/𝟑𝟑



The 𝑨𝑨-SIS problem
Input: 𝒗𝒗𝟏𝟏, … ,𝒗𝒗𝒎𝒎 ∈ 𝐅𝐅𝒑𝒑𝒏𝒏 and 𝑨𝑨 ⊆ 𝐅𝐅𝒑𝒑
Output: linear dependence using coeffs in 𝑨𝑨
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𝐅𝐅𝟑𝟑𝒏𝒏-Subset-Sum
SIS∞ 
𝑨𝑨-SIS 

No quantum speedup for these problems anymore

Candidate quantum speedup still exists for quantum algorithms 
similarly based on Regev’s reduction

Thank you!

We do not break any crypto assumption
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